ABSTRACT In this paper, a new idea for morphological operations, i.e., dilation and erosion on the regular triangular tessellation is presented. The triangles have two orientations; they are addressed by zero-sum and one-sum triplets and called even and odd pixels, respectively. The triangular grid is not a lattice, that is, there are grid vectors that do not translate the grid to itself. Different sets of vectors translate the even and odd pixels into the grid: for even pixels vectors with sum 0 and 1 can be used, while for odd pixels vectors with sum 0 and −1 are appropriate. Based on this fact, we introduce a technique in which one can work ''independently'' with the even and the odd pixels in morphological operations. Examples and various properties of the ''independent'' dilation and erosion are analyzed.
I. INTRODUCTION
Mathematical Morphology has been studied over a half century by various scientists, and it has also been applied in various fields such as biomedical imaging, remote sensing, robot vision, image sharpening, edge detection, shape recognition and classification [1] . It was initially developed for translation-invariant transformations considering that the purpose of image analysis is to find spatial objects and this can be done by interactions of shapes. Morphological operations are studied and used on the square [1] and on the hexagonal lattices [2] . Recently, some results on the triangular grid were also shown [3] . The dilation and the erosion have been defined on the square grid by using two images. One of them is the active (or input) image; it is the image of the object we are interested in. The other one is called structuring element, and the active image is examined/modified by its help [1] . In the 1980's, morphological operations were acting on more and more objects, the concept of complete lattice was investigated as a common framework [4] . Various algebraic properties of morphological operations are studied using lattice theory by, e.g., Heijmans and Ronse [5] , [6] . Mathematical morphology also relates to topology and set theory. We should also mention that in adaptive morphology the structural elements are not fixed, but they may depend on some (local) properties of the object [7] .
The most frequently used grid is the square grid. In this grid, a binary image is a finite set of elements of Z 2 . The items in the grid are called pixels and are described with integer coordinate pairs. In binary image processing, each pixel has a value from a binary set, i.e., it is black or white, foreground or background, true or false, 1 or 0. The wellknown Cartesian coordinate system describes the square grid. In digital image processing, non-traditional grids, including the triangular grid, are also used, see, e.g., [8] - [13] and [14] . To use a non-traditional grid in image processing and/or in computer graphics, one requires a good, easy to use coordinate system. Image processing on the hexagonal lattice has been developed from the 1960's due to some of its pleasant properties [2] , [15] : there is only one type of usual neighborhood relation among the pixels, and the grid has better symmetric properties than the square grid has. The pixels of the hexagonal grid can be addressed by zero-sum triplets obtaining an elegant, symmetric description [16] . The hexagonal and the triangular grids are graph theoretical dual of each other and they have more symmetry axes than the square grid has. Further, rotations with a smaller angle can transform these grids to themselves than the angle needed for a similar transformation on the square grid. Similarly to the hexagonal grid, the triangular grid is described by three coordinates [11] , [17] - [19] (as it is displayed in Fig. 1 ). Triangle pixels have two orientations: the pixels with 0 and 1 sum are called even and odd points (pixels), respectively. In the triangular grid, there is a larger flexibility by using various types of neighbor relations than on the hexagonal and square lattices, as there are three traditional neighbors on the triangular grid [8] , [20] , opposite to the one and two types of neighbors of the other two mentioned grids, respectively. This flexibility could be important in applications where the simplest digital versions of some (geometrical) concepts do not share some of the usual properties of the analogous concepts of the Euclidean space. We would like to recall as an example for such topics, the approximation of the Euclidean distance and disk by digital distance functions. Digital disks based on one of the cityblock and chessboard distances are actually squares [21] , and thus, the digital distances based only one type of neighborhood give very rough approximations of the Euclidean distance. Rosenfeld and Pfaltz [21] already recommended using the two neighborhood of the square grid in an alternating way in paths. This idea was leading to octagonal distances [22] and, more generally, to the concept of neighborhood sequences [20] , [23] , [24] . Neighborhood sequences are infinite sequences of the possible neighbor relations on the given grid. Starting from the beginning of the sequence, in every step, the next element defines what type of neighborhood is allowed. Neighborhood paths and distances are used to approximate the Euclidean distance on various grids, see, e.g., [25] - [27] . It was clearly shown in [26] and [28] that approximation on the triangular grid is better than on the square grid. Chamfer (or weighted) distances are other type of digital distances, when every type of neighborhood is allowed in every step, but they have various (fixed) weights and the distance is measured as the weight of a minimal weighted path between the pixels. Due also to the symmetric properties of the grids, by chamfer distances, based on the traditional three types of neighbor relations, much better approximations of the Euclidean disks are obtained than the best known results on the square grid, even by using 5×5 neighborhood instead of the traditional 3×3 [12] , [29] . To mention other specific research topics related to the triangular grid we recall that in [30] triangular hulls of digital objects are computed efficiently on the triangular grid. Topology related topics, e.g., cell complexes [11] , [31] , [32] , various thinning algorithms [9] , [31] , [33] - [36] are also investigated recently on the triangular grid. Some results about morphological operators on the triangular grid were also presented [3] .
In the square and hexagonal lattices, the roles of pixels and grid vectors can easily be exchanged. Opposite to this, in the triangular grid, the situation is different; this grid is not a lattice. There are two types of pixels (by orientation), and thus, different vectors are needed to translate them by keeping their image inside the grid. In [3] three different approaches are shown: the strict, the weak and the strong approaches using various strategies to deal with vectors that do not address pixels of the triangular grid. In this paper, we present an alternative approach: we are defining the set of structuring elements independently for the two types of pixels (of the image). We note that adaptive morphology is somewhat related to our approach, however, in our independent dilation and erosion the structural elements do not really depend on the object (image), but only on the type of the pixels.
This paper is organized as follows. In Section II we recall some of the general definitions for both dilation and erosion in a traditional grid and also the triangular grid are described formally. In Section III, we present our new idea, ''the independent'' approach on the triangular grid, in a nutshell, while in Section IV we present the definition and properties of the independent dilation and in Section V the independent erosion is investigated. In Section VI we prove the adjunction of these concepts. Section VII shows applications by using various structuring elements. Finally, conclusions close the paper.
II. PRELIMINARIES
In this section, we recall, first, the core definitions of binary morphology on traditional grids (using the specification of [1] , [37] , and [38] ), and, second, the description of the triangular tessellation. Let us start with the basic concepts of mathematical morphology. An image, in the Euclidean space, is a set of vectors. Let E N be the N -dimensional Euclidean space (it could be discrete, e.g., Z N or continuous, e.g., R N ), where a point of E N is written as p = (x 1 , .., x N ). Since we are interested in digital images, i.e., images in the discrete space, we may consider that our space is Z N . A binary image A is a subset of the binary space E N , where the value of each point p of E N is either black or white: p is black if and only if p ∈ A, otherwise p is white. Now we recall some important concepts that are frequently used, e.g., on the square grid. Although some of these concepts and definitions can be defined, more generally on E N , we are interested to use them on grids, therefore we recall them only for grids.
Let A ⊂ Z N be a binary image. If A = ∅, then A is empty (sometimes it is also called null image). Otherwise, a pixel of the image a ∈ A is addressed by a vector (x, y), (x, y, z) in the square grid and in the cubic grid, respectively. The complement of A is also a binary image, it is defined by A c = {p : p / ∈ A}, i.e., it is obtained by interchanging the roles of black and white pixels. The union of two binary images A, B ⊂ Z N is a binary image such that a pixel is black if it is black in A or in B, formally, A ∪ B = {p : p ∈ A or p ∈ B}. The intersection of A and B is a binary image containing those pixels that are black both in A and in B, i.e., A ∩ B = {p : p ∈ A and p ∈ B}.
We will recall some further definitions from lattice theory based on, e.g., [4] , [5] .
Definition 1: Let L be a non-empty set with partial order relation on L. L is a lattice if every finite non-empty subset A of L has an infimum A and a supremum A. Further, L is a complete lattice if the above property remains true for any non-empty subsets of L independently of their finiteness.
In binary image processing a grid, e.g., Z N is given and the set of its subsets, the set of images, plays the role of L; the subset relation ⊆ is the partial order, the infimum coincides with the intersection and the supremum coincides with the union.
Definition 2: Let (L, ), (M,` ) be two complete lattices (equal or distinct).
1. An operator δ : L → M is an (abstract) dilation if it preserves the supremum, i.e., for every family of subsets X i of L:
where ∨ is the supremum in L related to and∨ is the supremum for in M. 2. An operator E : M → L is an (abstract) erosion if it preserves the infimum, i.e., for every family of subsets
where ∧ is the infimum related to in L and∧ is the infimum for` in M. 3. The above two operators form an adjunction (E, δ) if ∀X ∈ L and ∀Y ∈ M : δ(X )` Y if and only if X E(Y ). Now we recall further definitions based on the set theoretical approach, see, e.g. [1] , [4] , [5] . These definitions are appropriate for point lattices.
Definition 3:
Morphological dilation and erosion are based on local translations and defined as: These operations are also called Minkowski addition and subtraction, respectively. They form an adjunction (also called Galois connection), as for any A, B, C ⊂ Z N , A ⊕ B ⊆ C if and only if A ⊆ C B. In this way the concepts of abstract dilation and erosion is strongly related to the morphological operators. Notice here also the similar and interchangeable role of the image A and the structuring element B on the square grid (and other point lattices). Various properties of dilation and erosion are studied in the mentioned literature.
Let us now recall the triangular tessellation (also called triangular grid), that is, the regular tiling of the space with identical equilateral triangles. The triangular grid, based on [11] , [17] , [19] , and [20] , is described by a symmetric coordinate system addressing every pixel by a coordinate triplet. The origin, as a pixel, is addressed by (0,0,0). The coordinate axes are lines cutting this pixel to halves (see Fig. 1(a) ). They are directed such that the angle between any two of them is 120 • .
Every pixel, as a triangle, has three closest neighbor pixels sharing one of the sides of the triangle. Although each pixel is a triangle, there are two different orientations of them: , ∇. A pixel and its closest neighbors have opposite orientations.
From a pixel having coordinates (x, y, z) with x +y+z = 0, its closest neighbor pixels can be reached by a step to the direction of one of the coordinate axes. Consequently, the respective coordinate value is increased by one: the three neighbors are addressed by (x + 1, y, z), (x, y + 1, z), and (x, y, z + 1), respectively.
For a pixel (x, y, z) with condition x + y + z = 1, its closest neighbor pixels can be reached by a step to the direction opposite to one of the coordinate axes, and thus, the three neighbors are addressed by (x − 1, y, z), (x, y − 1, z), and (x, y, z − 1).
In this way, all pixels of orientation are addressed by triplets with zero sum (they are called even pixels), while the pixels of orientation ∇ have triplets where the sum of the coordinate values is one (they are the odd pixels).
There are three types of neighborhood relations [8] :
• Two triangles are 1-neighbors if they share a side, i.e., an edge of the grid. They are exactly the closest neighbors.
• Two triangles are strict 2-neighbors if they have a common 1-neighbor triangle.
• Two pixels are strict 3-neighbors if they share exactly one point on their boundaries (vertex of the grid) but they are not 2-neighbors.
See also, Fig. 1 (b), where these three types of neighbors are shown for an even pixel. Each pixel has three 1-neighbors, nine 2-neighbors (including 1-neighbors and six strict 2-negihbors) and twelve 3-neighbors (the nine 2-neighbors and three strict 3-neighbors). Actually, the coordinate triplets of two strict k-neighbor (k = 1, 2, 3) pixels mismatch exactly in k places, and the difference in each mismatch position is ±1. Triplets of two k-neighbor pixels could mismatch at most in k places and the difference in each mismatch position is ±1. We will use the notation T for the triangular grid, we also use the notation G 0 for the set of even pixels of T (G 0 ⊂ T ), and G + for the set of odd pixels of
Notice that the triangular grid can also be seen as a special subset of the cubic lattice, i.e., T ⊂ Z 3 [17] , [18] . We may also call vectors the elements of Z 3 , and specially, even and odd vectors are those which are also elements of T . Vectors with sum −1 will also play an important role in this paper, their set is denoted by G − . Observe that G 0 , G + and G − are, in fact, isomorphic lattices, but T itself is not a lattice. Vectors of
). For this reason we need to be careful to define operators based on translations. In [3] three possible approaches are shown to define dilation and erosion on the triangular grid: in the strict approach only those vectors are allowed to be in structural elements which transform pixels to pixels of the same type, i.e., structural elements are subsets of G 0 . These dilations and erosions are very restricted. In the weak approach, every element of T is allowed to be in structural elements, however resulted vectors outside of T are lost: they simply be deleted from the result. Due to this information loss, weak dilations and erosions have some unpleasant properties. In the strong approach, it is allowed to use any vectors of the cubic grid, but one can display only those that belong to some pixels of T . The strong dilation and erosion have nice properties inherited from similar operations of the cubic grid, however, there could be several 3D vectors in a (sub)result that do not belong to T , and therefore, the process could be very memory and time consuming. In this paper, we present an alternative way, which is slightly related to the adaptive morphology [39] , to define dilation and erosion. In adaptive morphology, the structural element may not be fixed, but it could depend on some features of the image. In the next section we show our new idea for defining dilation and erosion on a grid which is not a point lattice.
III. THE INDEPENDENT APPROACH FOR MORPHOLOGY
If we add the coordinate triplets of two odd pixels, the sum of the coordinates of the resulted vector is 2 and it is not located within the grid; the triangular grid is not closed under addition. The only translations that map the grid to itself are the ones with vectors with sum zero, i.e., with even vectors, see [19] . The triangular grid is not a point lattice, even and odd points/vectors have different behavior, therefore we investigate the independent dilation and erosion. Our aim with these new operators is to be sure that the resulted vectors are addressing pixels of the triangular grid, i.e., the result will be an image of the grid. To manage it, the even and odd pixels of the image are separated and we work independently with these two sets. To do this, we change the concept of structuring element (SE): in our approach, it contains two sets of vectors, one for working with the even, and one for the odd pixels (this latter one may contain also vectors with the property of having -1 as the sum of their coordinates). Fig. 2 illustrates the idea.
In the remaining part of this section, we describe the role of the structuring elements. In this paper, we deal with structuring elements (SEs) that consist of two parts. 
By defining structuring elements in this way, the subsequent operations, the morphological dilation and erosion, map the grid to itself. In this way the problem caused by the non lattice property of the triangular tessellation is resolved. For further studies we may extend set theoretical operations to SE. Due to the fact that exactly the even vectors translate (map) the grid to itself (see [19] ) we can use these vectors for translations. Images are translated pixelwise (similarly to images on the square grid, see Definition 3), i.e., for an image A and a vector t ∈ G 0 the translated image is (A) t = {p + t : p ∈ A} .
Further, we can also define translations by even vectors on the structuring elements.
Definition 6: Let B = (B e , B o ) be a structuring element and let t ∈ G 0 be an even vector. The translation of the SE B by t is (
One can easily show by Definition 4 that the translation can also be expressed by the dilation, as follows:
Proposition 1: Let A ⊂ T be a binary input image, and B = (B e , B o ) be a structuring element and let t ∈ G 0 be an even vector. Then, a) (
Notice that for each even vector t, its inverse, −t is also an even vector, and, thus translations by −t are also defined.
In the next section we will give the definition of independent dilation with some examples and we will also detail its properties.
IV. THE INDEPENDENT DILATION
We will start with the definition of independent dilation and an example. We use the following notation. Let A be an active image (input image) which can be partitioned into two parts: its even pixels A 0 and its odd pixels A + . 
Then the independent dilation of A by SE B is defined as follows
Notice that the dilation of 3D vectors is used on the right hand side (i.e., the concept of dilation on the cubic grid), and the index i denotes that the ''independent'' operation is used on the left side. We can write equation (1) in the following form:
One can easily check that A ⊕ i B is an image of the triangular grid, i.e., A ⊕ i B ⊆ T . Example 1: Let the input image A and the structuring element B = (B e , B o ) be given as they are shown in Fig. 3(a)-(c) . The result of independent dilation is shown in Fig. 3 (d) . Notice that B o does not need to be in T , as it is indicated by red color (on an ''inverted'' coordinate system). Further in this section we show the properties of our newly defined dilation. The most important properties are inherited from the original dilation (defined on the cubic grid), but there are also significant differences. ∈ B e and (0, 0, 0) / ∈ B o . Since input images and structural elements are different types of entities the operation is not defined if the first operand is not an image of the grid and/or the second operand is not a pair of vector sets, formally we can state the following.
Remark 1: The independent dilation is not commutative and it is not associative. That is, A ⊕ i B = B ⊕ i A, and
Now, let us see how the dilation can be combined by translations (of images). 
Proof: By the definition of the independent dilation and by the translation invariant property of the dilation on the cubic grid with respect to the structuring element, we can write the following:
Applying the previous theorem for these formulae,
e., the independent dilation has the increasing property.
Proof:
By the increasing property of the dilation on the cubic grid,
. For better readability of the paper some of the proofs of the next results are moved to the Appendix.
e., the independent dilation is distributive over the union of images.
The result has been proven. By the last theorem we have seen that the independent dilation is an abstract dilation: it is compatible with the union: commutes with the supremum, i.e., preserves it.
V. THE INDEPENDENT EROSION
We start this section by the formal definition and an example. with B 0 e ⊆ G 0 and
Then, the independent erosion of A by B is defined as follows:
Example 3: Let the input image A and the structuring element (B e , B o ) be as they are shown in Fig. 4 (a-c) . In Fig. 4 (d) the independent erosion of A by B is presented.
Proposition 2: We can rewrite equation (3) in the following form:
Proof: If p ∈ A i B, then by the equation (3) we have, either p ∈ G 0 such that p + b ∈ A, ∀b ∈ B e if and only if p ∈ G 0 and p ∈ (A B e ), thus, it is, if and only if p ∈ (A B e ) ∩ G 0 . On the other hand, by equation (3), if p ∈ G + such that p + d ∈ A, ∀d ∈ B o , then, it is, if and only if p ∈ G + and p ∈ (A B o ), i.e., it is exactly
Notice that the sign on the right hand side of equation (4) 
Image and SE are different types of entities, thus the operation can be defined only in one order. Dilation and erosion on SE are not defined. This fact leads to the following important properties.
Remark 2: The independent erosion is not commutative and not associative.
Theorem 9: If t ∈ G 0 is an even vector, then (A) t i B = (A i B) t , i.e., the independent erosion is translation invariant under translations with even vectors.
Theorem 10:
, i.e., the independent erosion has the increasing (or monotonicity) property.
Proof: Let A ⊆ L and let p ∈ (A i B). Then by equation
e., the independent erosion is distributive with respect to intersection of images.
As a corollary of the previous theorem we can state that the independent erosion is an abstract erosion.
Theorem 13:
Let us assume the first case, p ∈ G 0 such that p + b ∈ A, ∀b ∈ C e , then because of
In the other case, when
Uniting the two cases, and applying the definition of the independent erosion, we obtained that p is in A i (C ∩ D) also. The proof goes in a similar (symmetric) way when p ∈ (A i D).
The proof is similar to the proof of the previous theorem.
We finish this section by negative results about the combination of dilation and erosion.
Theorem 16:
The following classical morphological properties do NOT work since some of the formulae are not defined in the independent approach.
Proof: Obvious.
VI. ADJUNCTIONS OF THE INDEPENDENT DILATION AND EROSION
First, we may recall that the independent dilation and erosion preserve the union and intersection, respectively (see Theorem 7 and Theorem 12). Second, to complete the picture, we will show that the independent dilation and erosion with the same SE form an adjunction:
Theorem 17: There is an adjunction relation between the independent dilation and erosion such that for any A, L ⊂ T , and
Proof: Let us start with direction (⇒): Let a ∈ A be chosen arbitrarily and assume that A ⊕ i B ⊆ L. Then depending on the parity of a we have two cases. If a ∈ A 0 (a ∈ A + , resp.), then for every b ∈ B e (b ∈ B o resp.),
But we have just proven this fact for an arbitrary point a ∈ A, thus A ⊆ L i B holds.
Let us consider the other direction (⇐). Assume that A ⊆ L i B. That means, by Definition 8, that for any point a ∈ A, depending on its parity, a + b ∈ L, ∀b ∈ B e if a ∈ G 0 (or a+b ∈ L, ∀b ∈ B o if a ∈ G + ). However, in both cases, it also implies that every point of A ⊕ i B which can be obtained by adding a vector of SE B to a is also in L, thus,
The proof is finished.
VII. APPLICATION
In this section we show example applications of our new concepts. In Fig. 5 , a rabbit bone leg implant is shown (as it is redigitized on the triangular tessellation) in the role of input image A. A very usual way to do morphological operations based on SE representing a basic neighborhood of the grid. Traditional neighborhood of the grid can be used in our approach in the following way. To use 1-neighborhood one should consider B 1, −1) , (1, −1, −1)} can be used. We note here that traditional neighborhood could be used by the strong approach as well, as we have shown in [3] for the rabbit bone leg implant. Here we do not repeat exactly the same examples, but we show applications which cannot be done with the approaches shown in [3] . In Fig. 5 , next to the input image A, the structuring element B e for even pixels is shown, it is 23114 VOLUME 6, 2018 FIGURE 5. Erosion and dilation of binary image A (a rabbit bone leg implant) by structuring element B using 1-neighborhood for even pixels and 3-neighborhood for odd pixels.
actually, exactly the 1-neighborhood of the pixel including the pixel itself. Under the original image, the structural element B o for odd pixels is shown in the inverse grid (red colors for the elements of B − o and purple color for the elements of B 0 o ).
Then, erosion and dilation of binary image A is displayed by structuring element B = (B e , B o ) = (B 1 e , B 3 o ), that is using 1-neighborhood for even pixels and 3-neighborhood for odd pixels. VOLUME 6, 2018 In Figs. 6 and 7 the erosion and dilation of the same input image (the bone leg implant) is shown but with different structural elements. In Fig. 6 structuring element for the even pixels contains the pixel and its 2-neighborhood, i.e., it is exactly B 2 e . However, for the odd pixels B o = {(0, 0, 0), (0, 0, −1), (−1, 0, 0), (0, −1, 0), (1, −1, 0), (0, −1, 1)} is used and it is presented on the inverse grid with red-purple color. This pattern does not match to any of the three usual neighborhood, relations but it can be used efficiently. In Fig. 7 both parts of the structuring element belong to the mentioned sets of neighborhoods. Especially, B 3 e is used for even pixels and B 1 o for odd pixels. Consequently the erosion and dilation of the rabbit bone leg implant image are shown in this example by structuring element based on 3-neighborhood of even pixels and 1-neighborhood of odd pixels.
We underline again that none of the examples shown in this section can be done by any of the previously used approaches from [3] .
There are various practical questions arisen connected to real life applications. For what type of images (shapes) what type of structuring elements are more appropriate to achieve a given aim. In practice, usually dilation and erosion are combined and also other operations are used together. To answer these practical questions we may need further analysis of these concepts and also their combinations. Well known combinations of dilation and erosion are the morphological opening and closing. In a forthcoming paper we are willing to investigate these operations and to analyze their properties.
VIII. CONCLUSION
As we have seen the morphological concepts defined with the independent approach have nice properties. Summarizing the properties of dilation, we have shown that all the usual properties (i.e., the well-known properties of dilation defined on point lattices including translation invariance, increasing property and distributivity over union of images) hold for the independent dilation except the commutativity and associativity. Similarly, independent erosion has the usual properties of erosion including translation invariance, increasing property and distributivity over intersection of images, but does not have the properties in which the role of images and structural elements can be interchanged (see Theorem 16) . It is also shown that the new concepts form an adjunct relation, and thus, they can be seen as a pair of abstract dilation and erosion. As we have seen, most of the important properties are inherited to the triangular tessellation from the cubic grid. However, we need to pay the fee for the fact that the triangular tessellation is not a point lattice, the entities of the images and structural elements are no longer the same. By considering the even and odd pixels of the image independently, one may easily work with them, maybe in a (completely) different way specifying the two sets of the structuring element accordingly (as we have shown in the previous section).
We note here that other approaches of mathematical morphology, e.g., graph and matrix morphology are also known from the literature for point lattices. We leave it as a future work to analyze and compare these approaches with the ''independent'' approach based on set theoretical local operations. More features of adaptive morphology can also be taken into account. We also plan to continue our studies by investigating the independent opening and closing and other mathematical morphological operators. This direction could also lead to real life applications of the proposed concepts.
APPENDIX
For better readability of the paper, the proofs of some of the theorems can be found here.
Proof of Theorem 5:
Moreover, the dilation on the cubic grid has the property that (A ∩ L)
⊕ C e ∩ L 0 ⊕ C e , and similarly, (A ∩ L)
Proof of Theorem 6: Proof: By the definition of independent dilation and the intersection of SEs we have
According to a similar property of 3D dilation, we have,
By taking the union of the previous two inequalities one gets A
Hence the theorem.
Proof of Theorem 9:
Proof: By the definition of translation, p ∈ (A i B) t if and only if (p − t) ∈ (A i B) . Then, applying equation (3),
Proof of Theorem 10:
Proof: Let p ∈ (A i C t ). By equation (3) it means that either p ∈ G 0 , p + b ∈ A, ∀b ∈ (C e ) t or p ∈ G + , p + d ∈ A, ∀d ∈ (C o ) t . If p ∈ G 0 such that p + b ∈ A, ∀b ∈ (C e ) t , this means, by equation (4) , that p ∈ (A (C e ) t ) ∩ G 0 but, p + b ∈ A, ∀b ∈ (C e ) t if and only if (p − t) + b ∈ A, ∀b ∈ C e , p ∈ G 0 . That is, if and only if, (p − t) ∈ (A C e ) ∩ G 0 , (p − t) ∈ G 0 which is equivalent to the condition p ∈ (A C e ) −t ∩ G 0 . This yields that (A (C e ) t ) ∩ G 0 = (A C e ) −t ∩ G 0 for the even pixels. Now, if p ∈ G + such that p + d ∈ A, ∀d ∈ (C o ) t , it is equivalent to p ∈ (A (C o ) t ) ∩ G + . But, in this case
Thus, we have (A (C o ) t ) ∩ G + = (A C o ) −t ∩ G + for odd pixels. Summarizing the equations for the even and for the odd pixels, we have obtained
∪ (A C o ) −t ∩ G + , and thus, (A i C t ) = (A i C) −t , i.e., we got the statement to be proven.
Proof of Theorem 12:
Proof: Let p ∈ (A ∩ L) i C. From equation (3), either p ∈ G 0 , p + b ∈ (A ∩ L) , ∀b ∈ C e or p ∈ G + and p + d ∈ (A ∩ L) , ∀d ∈ C o . In the first case, if p ∈ G 0 and p + b ∈ (A ∩ L) , ∀b ∈ C e , by Definition 4, p ∈ ((A ∩ L) C e ) ∩ G 0 . Also, p + b ∈ A, ∀b ∈ C e and p + b ∈ L, ∀b ∈ C e , and thus, in the case of p ∈ G 0 , it implies if and only if p is in p ∈ G 0 : p + b ∈ A, ∀b ∈ C e ∩ p ∈ G 0 : p + b ∈ L, ∀b ∈ C e means that p ∈ (A C e ) ∩ G 0 ∩ (L C e ) ∩ G 0 . This yields that
In the other case, if p ∈ G + such that p + d ∈ (A ∩ L) , ∀d ∈ C o , it is equivalent to p ∈ ((A ∩ L) C o ) ∩ G + . Further, we also have p + d ∈ A, ∀d ∈ C o and p+d ∈ L, ∀d ∈ C o where p ∈ G + . However, it is, if and only if, p is in p ∈ G + :
Now by taking the union of the results obtained for both cases, we have
Proof of Theorem 13:
Proof: Based on equation (3) 
